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AMTIMCT 

Tli  1 a  lepurl  pretonit  a  iunl  Inual  lun  of  the  flral  deUi  led  malhe 
Ml  lc«l  analyala  Mde  on  a  deU  he  j  lever  e»ia|ieMnl  timing  dtvUe 
The  aodel  atudled  waa  baaed  on  (he  TftKl  pin-lever  encapement ,  dealgned 
primarily  fur  ordnance  appl lent  tune .  Although  good  quantitative  renultn 
evolved  froei  the  original  atudy,  auhaequent  work  auggeated  that  the 
Model  tat  not  i  apable  of  elmulallng  certain  charai  ter  I  at  lea  of  the 
detached- lever  eacapement  .  For  example,  thin  type  eacapement  often  had 
a  torque  aennitivlty  character lat |c  (frequency  vn  driving  torque)  that 
*ta  lootave  upward. 

Further  Mathematical  analyala  haa  reeulied  In  minor  but  apparently 
nlgnlflcant  thangen  to  the  original  model,  Indicating  the  feaalbtllty 
of  predicting  the  performance  of  an  eacapement  more  accurately.  Alno, 
thin  analyala —  though  probably  Incomplete —now  indlcaten  that  certain 
baalc  character lat  lea  of  tlmera  can  be  changed  without  changing  the 
baalc  mochanlnm. 
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limtOPUTTION 
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Under  KDL  contract  DA-49*  1M0-AMC  170(D),  Ml  on  lx*  derived  the 
first  (totalled  mathematical  analysis  of  a  detached- lever  escapement 
lining  device  (fig.  I).  The  work  reported  herein  la  Intended  to  ex~ 
pand  that  analysis  to  a  no  re  uaeful  aodel. 

Although  Mlnnlx  uaed  the  T5B1  pin-lever  eacapenent  aa  hla  model, 
hla  apalyala  waa  generalised  to  the  extent  of  requiring  only  alnor 
nodlf teat  Iona  to  describe  Jewelled  lever,  folded  lever,  attached  lever, 
and  torsional  oaclllator  eacapenent a.  That  analysis  waa  progranned 
for  digital  solution  on  an  IBM  1620  conputor,  with  nuaerlcal  reaulta 
that  Indicated  the  feasibility  of  predicting  the  eacapenent  perform¬ 
ance  with  an  accuracy  theretofore  unattainable. 

Despite  that  good  quantitative  reaulta  were  obtained  from  the 
Mlnnlx  analysis,  prior  work  by  Overman  and  Bettwy*  exhibited  enplrlcnl 
characteristics  of  the  detached- lever  excapenent  that  were  not  simu¬ 
lated  with  the  model  studied.  HDL's  exp* "lnental  results  show  that 
this  type  of  eacapenent  m.  y  have  a  torque  sensitivity  curvo  (beat  rato 
versus  main-spring  torque)  that  Is  concave  upward.  Note  curve  (a)  In 
figure  2,  which  plots  data  on  a  T5E1  escapement;  also  note  that  the 
Mlnnlx  model1  shows  a  definite  increase  In  beat  rate  sb  Illustrated  by 
curve  (b)  In  figure  2. 

expansion  of  the  Mlnnlx  analysis  was  therefore  begun  at  HDL, 
which  lead  to  some  minor  but  apparently  significant  changes  to  the 
original  model.  These  changes  have  been  Incorporated  Into  a  digital 
computer  program  (appx  A  l>  B)  at  these  laboratories,  based  on  the 
original  analysis.  The  results  of  the  further  analysis  are  encouraging, 
In  that  (1)  the  performance  of  an  escapement  can  be  predicted  with 
greater  accuracy  and  (2)  certain  basic  characteristics  of  timers  can  be 
changed  without  changing  the  basic  mechanism. 

2.  ESCAPEMENT 

2.1  Equations  of  Motion 

The  motion  cycle  of  a  detached  lever  escapement  Is  divided 
Into  12  phases,  Illustrated  schematically  for  the  "forward"  half  cycle 
In  figure  3.  Here#  0  represents  displacement  of  the  balance,  measured 
positive  counterclockwise  and  taken  to  be  zero  when  the  Impulse  pin 


t  Mlnnlx  R.  B.,  "The  Develrpment  of  a  Mathematical  Model  of  the 
Detached  Lever  Escapement,"  Virginia  Military  Institute  Research 
Laboratory.  1968. 

90verr.  .i,  D.  L.  and  Bettwy,  D.  S.,  "Experimental  Mechanical  Timer 
with  Detsohed  Lever  Escapement  and  Digital  R<  adout  System,"  HDL  Tech 
Memo  65-44,  1965. 
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lion  on  the  line  of  tenter*  of  the  balance  end  lever  staffc;  P,  the 
lever  displacement,  Is  measured  positive  counterclot  kwlse,  and  taken 
to  be  P/2  (fig.  4)  when  (1  •  0 ;  and  the  escape  wheel  displacement  (,  la 
measured  positive  clockwise  from  an  arbitrary  Initial  line.  The  event 
not  shown  in  figure  3  la  the  fifth  In  the  sequence,  In  which  the 
pallet  lever  Is  locked  by  the  egcape  wheel  while  the  balance  Is  at  an 
Intermediate  position.  The  catchup  phase  occurs  between  the  time  when 
unlocking  ends  and  the  pallet  pin  reengages  the  eacape  wheel  tooth. 

Several  aajor  assumptions  were  wade  by  Minnlx  In  hla  deriva¬ 
tion  of  the  equations  of  motion,  both  to  simplify  the  analysis  and  to 
determine  which  of  the  many  paraawters  Involved  In  the  design  of  the 
escapement  are  germane  to  Its  performance.  Many  of  the  original  as¬ 
sumptions  have  been  weeded  from  the  model,  those  rests lnlng  that  appear 
to  be  of  greatest  relevance  aro  Included  below. 

(1)  An  effective  gooewtry  la  defined  so  that 

(a)  pallet  pins  and  Impulse  pins  have  zero  diameter, 

(b)  there  la  no  draw  angle  on  tho  escape  wheel  teeth, 

(c)  there  Is  no  lever  fork,  and 

(d)  unlocking  ends  when  0  ■  0; 

(2)  The  balance  equilibrium  position  Is  at  0  ■  0,  that  Is,  It  la 
hore  that  the  hairspring  exerts  no  torque, 

(3)  The  hairspring  la  linear  (has  a  linear  forco-def lect Ion 
curve)  ; 

(4)  Collisions  are  Instantaneous  and  perfectly  elastic; 

(5)  Friction  due  to  gravity  at  all  pivots  Is  negligible; 

(6)  The  energy  transmission  from  escape  wheel  to  balance  during 
Impulse  Incurs  no  losses. 

It  Is  In  older  to  achieve  (1  d)  that  certain  other  modi  f  lent  Ions  to 
the  geometry  are  ashamed  as  described  by  Minnlx  (ch  3) ,l 

Under  these  assumptions,  the  following  equations  of  motion 
for  the  balance  are  derived,  assuming  0  ■  0b  >  0,  >0  at  t  ■  0. 

This  assumption  obviously  has  no  effect  on  tho  motion;  It  Is  made  for 
convergence  In  describing  the  motion  of  the  various  phases.  For  a 
detailed  derivation  of  these  equations,  see  description  by  Mlnnlxl 
(ch  5)  or  appx  A. 

Free  Motion;  0^  «  0  <  0m. 

Ib£  ♦  (K-L)0  =  0.  (1) 


Here 


IB  Is  the  Inertia  of  the  balance, 


1.  Minnlx,  R.  B.,  op.  clt. 
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K  In  the  hairspring  deflection  constant, 

L  la  a  friction  loaa  term  due  to  the  "aide  thruat"  effect  of  tho 
halraprlnf . 

Unlocking :  p^  ■  0  .  p  .  p^. 

\  I  P  ♦  (K-L)p  -  Tf.  (2) 

Mere  I  -  I  ♦  X*I,  , 

1  u  u 

1  la  the  Inertia  of  the  pallet, 

1# 

X  la  tho  lover  am  ratio  between  balance  and  pallet  lovor, 

T  la  tho  frictional  torquo  In  tho  negative  sense  arltilng  from 
the  dr&g  of  tho  entranco  pallet  pin  on  tho  locking  faco  of  tho  cacapo 
wheel  tooth. 

Catchup:  P„  *'  P  <  P_  ■  0. 

°  m 


Xi^ *  sV  +  (K+L)0  ■  °» 

(3) 

I„  c  -  -T 

E  e  A. 

(4) 

Hero 

1^  is  escape  wheel  inertia,  and 

Is  appllod  torque  at  psenpo  wheel. 

Note  that  siR're  the  equations  are  Independent  during  this  phase,  and 
since  (3)  seems  analytically  intractable,  we  must  rely  on  an  iterative 
procedure  to  determine  P^. 

Impulse:  <  P  < 

I2e  +  ^i23  +  (K+L)p  =  XZTa.  (5) 

Here 

i„  =  I_  +  X3  I,  +  I  ,  and 
2  B  L  E* 
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Z  ill  the  levor  arm  ratio  between  eacupe  wheel  and  pallet  lever. 

Free  Motion:  0_  ^  0  *  0^. 

'  8  4 

y»  ♦  <IC«.L)0  -  0.  (6) 

Of  the  assumptions  involved  In  the  derivation  of  these 
equations,  we  shall  accept  all  but  the  last  part  of  the  first  and 
the  second.  A  detallod  study  of  the  effect  of  the  second  part  of  the 
first  assumption,  the  fifth,  and  the  sixth  will  be  reported  in  a 
lubsequont  papor. 


2.2  Modifications  to  Bquatlons  of  Motion 

Consider  the  second  assumption — that  the  hairspring  exerts 
no  torque  on  the  balance  when  0*0.  ‘nils  seens  to  be  the  design  ala 
of  all  escapements  of  this  type.  But  a  cursory  examination  of  even 
a  rather  large  escapement  indicates  thst  the  sttaliuaent  in  practice 
of  such  a  goal  is  probably  tedious.  Thus  the  effect  of  variation  of 
the  equilibrium  position  is  studied  parametrically. 


Assume  that  the  hairspring  exerts  no  torque  on  the  balance 
staif  when  0  ■  0*.  0*  is  then  known  ss  the  angle  by  which  the  escape 

sient  Is  "out  of  beat."  TTie  equations  of  motion  then  become : 


Free  Motion:  0,  -  0  ^  0_. 

. . . .  1  Bl 

IB0  ♦  (K-L)  (0-0*)  -  0. 
Unlocking:  0^  -  0^0 

Ijti  ♦  JljP  ♦  (K-L)  (0-0*) 
Catchup:  0g  *  0  -  02< 


!j0  +  |lj0  +  (K+L)  (0-0*) 

l„e  B  -t  . 

E  a 


0, 


Impulse : 


e4  5  e  5  s3. 


12&  +  2J20  +  (K+L)  (P"P*)  =  XZT0 


(7) 


(8) 


(9) 


(10) 
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Free  Motion: 


IBPf  <*♦!>  O-P*)  •  0. 


(ID 


it  ■  0,  these  equations  reduce  to  the  nrevlous  equations  of  motion. 


It  will  be  shown  subsequently  that  the  timekeeping  characteristics 
oi  an  escapement  sre  rather  sensitive  to  changes  In  0*. 


4s  Is  explained  In  chapter  3  of  toferonce  1,  to  achieve  the  assump¬ 
tion  of  unlocking  at  0  ■  0  ■  0,  an  "effective  geometry"  Is  defined 
with  virtually  all  geometric  parameters  modified  slightly  to  an 
"effective"  value.  The  definitions  of  geometric  parameters  are  to  be 
found  In  figure  4.  We  define  the  effective  value  of  each  parameter 
as  Its  actual  value  with  the  following  exceptions.  The  notation  Is 
that  of  Mlnnlx. 


R  -  0. 

(12) 

ppe 

R  ■  R  +  R  , 

(13) 

ee  e  pp 

n  ■  R  +  R 
^e  a  pp 

(14) 

We  now  follow  Mlnnlx' s  analysis  exactly  except  to  note  that  at  unlock¬ 
ing  0  ■  0#  4  0 ;  but  0  Is  now  computed  Just  as  the  other  values,  by 
using  the  relation  between  0  and  0,  Pa  being  known  geometrically. 

We  have 

b  -V  R3  +  sa  -  R  *\ 

P  ■  cos  f  pe _  »«) 

^  2R  8  (15) 

Po 

and  u 

Pa“Bln  (  jq  *ln  <|  -  0a)  V  (|  -  p,),  (16) 

exactly  the  same  formulae  as  before  but  geometrically  more  accurate 
due  to  the  change  In  the  effective  geometry. 

Similarly,  by  the  symmetry  of  the  pallet  lever  cycle, 

-  P-P8  (17) 

and 

08  ■  sin  ^  |  jj_  sin  (f  -  0B)]-<f  -  PB>.  (18) 


i 
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To  define  the  motion  of  the  escapement  subject  to  these  equations, 
we  must  also  recompute  the  Initial  velocities  for  each  phase.  We  make 
use  of  the  conservation  of  energy  laws  and  the  assumption  of  Instanta¬ 
neous,  completely  elastic  collisions  (thus  conserving  momentum). 

Biase  1:  Hie  initial  energy  In  this  phase  is  entirely  stored  in  the 
hairspring  and  the  only  dissipative  effect  is  that  of  side  thrust 
friction.  Hence,  equating  energy  at  each  end  of  the  phase, 

i  k  -  j.  k  <e,-s*>»  +  i  iBPIb 

+  J  "  L<fHS*>  dB  .-J  WP,-P*)»  +  i 

♦  i  L  -  <0,  -  S*)a],  (19) 


so  that 


■  if  [  ‘e.-iw*  - 


The  notation  used  here  is  followed  throughout.  Namely,  when  a  collision 
occurs  at  balance  amplitude  Pj s  denotes  the  balance  velocity  at  the 
instant  before  collision,  p.  JtheJbalance  velocity  at  the  instant  after 
collision.  Also,  we  denoteJby  Ijj  the  value  of  the  coupled  variable 
inertia  I*  when  P»Pj.  For  example,  Ig7  ■  Ia  ^ . 


Biase  2:  By  the  assumption  of  an  instantaneous  and  perfectly  elastic 
collision  at  the  beginning  of  unlocking,  we  have,  by  conservation  of 
momentum, 


I'i  l  a* 


so  that 


■  ff^.b  -  if;  Iff  [Vs>*>a  -  -»*>•] }’ 


During  this  phase,  energy  is  lost  due  to  side-thrust  friction  and 
unlocking  friction.  Thus, 


1  E  (B  -B*)8  ♦  ll  B8  «i.I  B8 
a  w  ”  ini  a  18*8 

♦7  K  Oa-3*)8  ♦  f  L(p-p*)  dp  +  J^i  Tfdp.  (22) 
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Minnlx1  (appx  C)  has  exhibited  a  function  U  such  that 


Tf  =  Tf (0)  =  nT&UC0) . 

For  convenience,  we  define 

Ijj  =  J  p1  U(0)d0.  (23) 

Then  (22)  becomes 

i  K  tPi-e*)3 

(P,-0*>*  -  <@s-@*)=|  +  uXaIu>  (24) 

so  that 

H  -  jf;  { <I!-L)  c<Pi-&*>3  -  +  i„^a  -  ^Vu  }• 

Phase  3;  Once  &  is  known,  03  can  be  found  by  the  method  described 
in  the  next  section  (2.3). 

After  this,  expressions  for  8  K  an<1  P„  „  can  be  derived.  Assume  that 

0,  sp*‘p,.  3b 

In  phase  3,  only  the  side-thrust  effect  dissipates  energy,  so 
conservation  laws  guarantee  that 

i  *  ^K<0s-0*)a  -  ^(03-e*)J  ♦  i  iI3e=b  +  J^L|9-o*|<if> 
-jK(0s-e»)*4jilJ%b  +  jL[  «t-@»)»-.«n(e,-0.)<0s-e*)*‘](  (26) 


so  that 


efb  -  r-  {  ’.A**  rtea-P«>3- 

-sgn(03-0*)  (03-0*)8]  }  (27) 

Phase  4 :  As  before,  by  assuming  instantaneous  and  elastic  collisions 
from  conservation  of  momentum 


(Ii,s,b  ♦  V,  W"*. 


(28) 


^-llinnlx,  R.  9.,  op.  cit. 
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Here  X3  =  X(0  ),  Z  =  Z(03 )  .  During  this  phase,  energy  is  carried 
away  by  side  thrust  losses  and  added  to  the  system  through  impulse. 
Hence, 

i  +  i  h,k*  -  i  MP.-P*)3 


}  la.e;  +  J^SL|@-P*|d3  +  j  3(-Ta)XZi)S. 


(The  torque  is  applied  opposed  to  e.)  No.  .;z  =  in  this  half  cycle, 
so 

j*j3  XZd0  =  e3  -e4  •  (30) 

Further, 

J^3L|p-0*|d0  =  £  L  £sgn(03-0*)  (p3-p*)«  +  (p4-p*)a]  (31) 

Hence,  (29)  becomes 

*  «e,-e*>s  +  i  -  *  «e.-e*>s  + J 

*  k  L  [»4-P*)»  +  ■«"<!>,-(>->  »,-»*>*_]  +  T.  (32) 

t 

Solving  for  0|,  we  have 

H  *  {Iaa£.+  K  [<Pa-^)a-(P.^‘>a] 

2  4 

-l[<P4-S.)3  +  am  (@3-P»>  (@a-P*)“]  *  2Ta  (tj  -e<)  }  (33) 

Phases  5  and  6:  Here,  only  side-thrust  friction  Induces  losses.  The 
equation  of  energy  balance  is 

£  K  (04-(3*)3  +  £  =  k  K  f?*L(p-p*)d3 


l  K(0g-|3*)»  -  £  L  ^(P4-0*)8-(060*)3], 


implying 


(fs,-e*)a  =  (p4-p*)a+  . 
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Phage  7:  As  only  sldo-thruBt  phenomena  affoct  the  energy  balance,  It 
follows  that 

j.  K  <@(-8<)s  .  J.  K  (B,-B*>3  +  lBP»b  -  if  L(B-B*)JS 
■  i  K  +  i  v’b  -  J-  >■  [<P,-e*>3  .  (36) 


ftJb*  if  { -(*>■} . 

Phase  8:  By  conservation  of  momentum, 
Ii7^7a  “ 

or,  noting  IJ7  *  In, 


i 


*  if  { if  [<p.-s*>a  -  <^-e*>3]} 


Applying  conservation  of  energy  principles  and  noting  losses  and 
contributions  of  energy, 

»  K  <B,-B*)>  +  i  l17^a  =  i  I..BJ  ♦  J  K  <B,-B*>3 

'Jb,  L<e"P*)dP  '  Js*  Tidf>  "  J-  +  a-  K  <B,-B*>3 


i  L  r  <B,-B*)a  -  <B,-B»)»  ] 


+  “V.> 


implying 


%  -  r~  {«t-o[(B,-B*)=  -  <B,-B*)31-  2UI  T  +  i„B=a  }.  (40) 
is  u  * 

Phase  9:  By  the  principles  used  in  the  eight  previous  phases,  it  may 
be  concluded  that 

k  +  *  K  <Pe-P*>a  =  k  K  <V**>a  +  £  ^b 


^  L|P-p*|dP  =  ^K  <P9-fJ*>»  +  £  I,9^b 
+  £  L  +  sgn  Oe-p*)  <P9-f3*)a]  . 
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Therefore, 


e.b  -  ^  {*..  h  *  *  (Ve*’3  -  <p,-p*)a] 

-L^Oe-p*)a  +■  sgn  (pg-p*)  <PB-P*>aJ|. 
Phase  10:  By  the  usual  methods, 

^9a  =  I  ^lo^b”  WeK*}' 

53  '  J 


(42) 


(43) 


Looking  at  the  energy  balance, 


i  k  (p,-e*>»  +  i  I,,!?.  ■  i  k<p10-p<)»  *  ji5>10sf0 


*  .l^’°L|0-S>|de  -  ^‘°XZTad0 


de 


But  In  this  half  cycle,  since  XZ  =  -  — ,  we  have 


„10xzt  dp  =  -t  (e  -e  ) ; 

p  a  a  9  i 0 

© 


(44) 


(45) 


further, 


1°L|P-P*|d3  =  i L  |^(P10-P*)  -  sgn  (P0-P*)  (P0-P*)3^J.  (46) 


Therefore,  (44)  becomes 

k  K  (P,-P*)=  +  i  K  «,„-(>*>•  + 

*i  L  r<f510-|3*>2  -  sgn  (P,-P»)  <e„-P*>^  +  ne,-!,,),  (47) 

which  yields 

&?»-  {h.k*  *  K  [«8-P*>a  -  <e,»-e*>3] 

-  L  [<0lo-fW  -  sgn  <e9-e*)3]-2Ta(€0-e1o 

(48 


Phases  11  and  12:  By  use  of  another  equilibrium  condition,  the  follow¬ 
ing  simpler  expression  can  be  obtained  for  . 

s  K  *  JVfo  -  i  v-  *  11" 

=  X  K(0  “P*)2  +  1  L  T(0  -p*)a  -  (0  -0*)a1  ,  (49) 

2  m  2  m  10 

so 

@?o  -  !r  fo.-P*)*  -  <e,„-e*>a}  <“> 

B  *-  — 

and  we  have  all  the  necessary  initial  conditions. 

2.3  Method  of  Solution 


Since  the  displacement  0  of  the  balance  is  not  explicitly 
desired  as  a  function  of  time,  we  solve  for  the  time  expended  in  each 
phase.  To  do  this,  regardless  of  the  apparent  diversity  of  equations 
of  motion,  only  three  general  forms  need  be  considered.  This  approach 
is  due  primarily  to  Bloom.l 

In  phases  1,  5,  6,  7,  11,  and  12,  the  equation  of  motion  is 
of  the  form 

10  +  c(0-0*)  =  0, 

the  harmonic  oscillator  equation,  readily  solved  explicitly. 


form 


In  phases  2,  4,  8,  10,  the  equation  can  be  written  in  the 


1(0)0  +  11(0)0  +  c(p-p*)  =  F(0)  (51) 

Let  v=0  and  denote  by  a  prime,  differentiation  with  respect  to 

H  f 

0(that  is,  —  =  f ') . 
dp 

Then 


”  dv  . 

P  =  v  d0  =  VV 


i  Calculations  derived  by  H.  M.  Bloom,  iiDL  staff  member,  on  a  detached 
lever  escapement  system  (196fe), 
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and  (51)  becomes 


(52) 


Ivv'  +|  V8  I'  +  c(p-p*)  =  F(p). 

Upon  the  substitution  g  =  v®,  so  that  g'  =  2vv',  (52)  reduces  to 

£  Ig'  +  £  I'g  +  c  (0-p*)  =  F(P) ,  (53) 


or 


(Ig)  '  =  2fF(p)  -  c(p-0*)^  . 


(54) 


For  the  given  phase  under  consideration,  let  (3Q  and  p  denote  the  Initial 
and  final  balance  displacements.  Then,  integrating  (54)  to  a  given 
displacement,  we  have 


(55) 


or 


I(P)gO)  = 


io0>g(e0> 


+  zf  F(fpd5  +  c  £O0-p*)a-(p-p*)a"J. 


(56) 


Define 


H(p)  =  Z 


0  F<S>dS> 

JH0 


(57) 


and 


C0  =  I(p0)g(p0)  +  c(p0-p*)a. 


(58) 


Now  we  have 

g(P)  =  v®(p)  =  pa  =  £h(P)  -  C(p-p*)8  +  C0].  (59) 

Thus, 


ft  - ±  { m  [ H<w  -  c<e-@*)a  ♦  °o]  I  **  <e 

*  < 

The  apparent  ambiguity  of  sign  does  not  in  fact  exist,  for  p  -  0  in 
phases  1-6  and  £  -  0  in  phases  7-12.  For  typographical  convenience, 
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wo  now  consider  only  the  posltlvo  root.  Separating  variables  and 
integrating,  we  have,  if  t q  and  tf  denote  initial  and  final  times 
for  the  phase,  - - 

ft,  rtf  /'<?>  5  « 

*«-*•*  Jl  dt  *  It'  - 


I 


fit  /l(V  d? 


o  /U?)  +  C($-p*)a  +  C(J 


p0  yk(?)  +  c0 


(61) 


The  integral  on  the  right  in  (61)  can  be  evaluated  easily  by  standard 
quadrature  techniques.  Thus,  the  problem  is  solved  for  these  phases. 

The  analysis  for  phases  3  and  9  proceeds  In  much  the  same  way,  in 
that  after  noting  F(0)  =0,  we  have 


(62) 


In  this  case,  however,  we  do  not  know  (3^  (=pg  or  0  );  but  we  can  solve 
for  f3f  and  tf  simultaneously  by  an  iterative  procedure.  In  these  phases 
the  escape  wheel  turns  freely  under  the  influence  of  the  mainspring 
torque  alone,  as  described  by 


or 


(63) 


where 


e  (tQ)  =  e0* 
e  <to)  =  o. 

We  also  have  (Minn lx,  ch  4)1  a  coupling  equation  of  the  form 

e  (0)  =  f£(p), 

valid  when  the  pallet  pin  and  escape  wheel  tooth  are  in  contact.  Using 
these  equations,  it  is  possible  to  iterate  to  a  solution  for  the  desired 
quantities. 


Mlnnix,  R.  B.,  op.  cit. 
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2.4  Escape  Whool  Torq'uo  Ta 

The  assumption  that  the  escape  wheol  torque  TQ  Is  constant 
wus  made  berauso  wo  are  Interested  only  In  equilibrium  conditions, 

A  major  object ivo  of  this  study  is  to  determine  what  changes  the  beat 
rate  of  an  escapement,  thus  rendering  the  mechanism  inaccurate.  It  is 
clear  that,  apart  from  transient  conditions,  beat  rate  at  constant 
torque  must  be  constant.  Hence,  by  assuming  Ta  to  be  constant,  we  can 
find  the  corresponding  steady-state  beat  rate  and  thus  determine  the 
way  this  rate  varies  with  torque. 

3.  ELEMENTARY  PARAMETRIC  STUDIES  USING  ESCAPEMENT  MODEL 

An  elementary  study  was  made  next  of  the  effect  on  the  escape¬ 
ment's  performance  of  the  variation  of  several  geometric  and  dynamic 
parameters  of  its  design.  Since  constancy  of  beat  rate  is  of  prime 
importance  for  a  good  mechanism,  we  shall  look  at  the  changes  effected 
in  the  plot  of  beat  rate  versus  escape  wheel  torque. 

Most  of  the  ensuing  beat  rate  curves  will  have  end  points  corre¬ 
sponding  to  balance  amplitudes  of  60  and  330  deg,  with  corresponding 
range  of  escape-wheel  torques  lying  generally  between  200  and  14,000 
dyne-cm.  It  is  believed  that  under  normal  operating  conditions,  the 
mainspring  of  the  T5E1  escapement  supplies  a  torque  at  the  escape 
wheel  of  between  1000  and  6000  dyne-cm. 

3 . 1  Side-Thrust  Effects 

Shlnkle*  seems  to  have  first  noted  that,  in  addition  to  exerting 
a  torque  on  the  balance  staff,  the  hairspring  of  an  escapement  must 
also  exert  a  "side-thrust"  force  perpendicular  to  the  staff  with  the 
resulting  friction  acting  to  oppose  balance  motion. 

To  assume  that  the  magnitude  of  this  frictional  torque  is  linearly 
dependent  on  balance  displacement  is  consistent  with  the  assumption  of 
hairspring  linearity,  as  is  the  assumption  that  the  torque  is  zero  when 

P=P*. 


Minnix,  in  some  of  his  early  work  with  Overman,  determined  that 
the  coefficient  of  side-thrust  friction  should  have  the  value  L=13.83 
dyne-cm/radian  for  the  T5E1  escapement.  This  was  an  empirical  deter¬ 
mination  and  its  accuracy  is  unknown. 


iShinkle,  J.  N.,  "Detached  Lever  Escapement  Study,"  Sandia  Corp  Report 
SC-RR-65-57  (1965), 
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The  plots  In  flguro  5  show,  as  has  boon  observed  by  Shlnklo,  thut 
beat  rate  is  markedly  dependent  upon  this  coefficient.  This  may  be 
somewhat  surprising  at  first  In  view  of  the  ratio  of  L  to  tho  spring 
constant  K(Kc921,9  dyne-cm/radlan  for  the  T5E1).  But  an  examination  of 
the  various  energy  losses  Incurred  by  the  escapement  shows  that  side- 
thrust  losses  constitute  one  of  the  major  loss  mechanisms. 

Notice  should  be  taken  of  the  type  of  change  In  the  beat-rate 
curve  brought  about  by  a  change  In  L.  Primarily,  as  L  grows  larger, 
the  beat  rate  curve  shifts  downward  and  higher  torque  Is  required  to 
drive  the  escapement  at  a  given  balance  amplitude,  the  downward  shift 
being  more  pronounced  at  lower  torques  (amplitudes).  A  characteristic, 
which  Is  readily  observed  here  and  can  be  seen  to  permeate  all  of  the 
curves  presented  herein,  is  that  all  the  curves  seem  to  be  asymptotic 
at  high  torques  to  a  curve  qualitatively  rather  similar  to  a  log-log 
plot.  This  phenomenon  will  become  even  clearer  In  later  figures. 

It  can  be  noted  that  a  hairspring  can  never  really  have  a  side- 
thrust  coefficient  of  zero.  However,  it  is  also  clear  that  the  use  of 
a  torsion  wire  as  balance  spring  would  correspond  to  L=0.  Thus,  figure 
5  lends  credence  to  the  thesis  that  a  torsional  oscillator  should  make 
an  excellent  timing  mechanism. 

3.2  Variation  in  Coefficient  of  Friction  During  Unlocking 

In  most  ways,  side-thrust  losses  are  quite  similar  to  other 
frictional  losses.  And  indeed,  I.  can  be  derived  as  a  function  of 
balance  staff  geometry  and  the  coefficient  of  friction,  p,  which  was 
not  done  in  this  study. 

Since  the  coefficient  of  friction  varies  widely  among  dif¬ 
ferent  surfaces  and  materials,  it  is  almost  meaningless  to  talk  of  a 
nominal  value.  The  actual  value  can  be  determined  only  by  experimen¬ 
tation.  But  it  is  meaningful  and  informative  to  study,  as  in  the 
previous  section,  the  effect  of  changes  in  p  during  the  unlocking  phase 
(see  eq  22)  on  timekeeping  characteristics.  Figure  6  shows  that  the 
results  are  quite  similar  to  those  exhibited  in  figure  5,  as  might  be 
expected. 


It  will  be  shown  later  that  once  p  and  L  are  known,  certain 
geometric  parameters  can  be  varied  to  counteract  the  effect  of  lower 
beat  rate  at  lower  torque.  Indeed,  it  will  be  shown  that  we  can 
flatten  the  curve  considerably  in  the  middle  and  toward  the  right,  and 
raise  it  essentially  as  high  as  desired  on  the  left,  thus  generating 
a  curve  quite  flat  overall. 


21 


3,3  Variations  In  Pallot-Lovor  Inertia  and  Escapo-Whoo!  Inertia 


It  Is  doomed  that  the  graphs  representing  parametric  varia¬ 
tions  In  beat  rato  for  changos  In  pal  lot  lovor  and  escape  whool  Iner¬ 
tias  (fig.  7  and  8,  respectively)  are  self-explanatory  and  represent 
nothing  except  that  which  might  bo  oxpoctcd— that  a  "hoavlor"  mechanism 
runs  more  slowlj  .  Th*>  similarity  of  those  curvos  to  those  generated 
In  frictional  studies  (fig.  5  and  6)  seems  rather  remarkable. 

3.4  Effect  of  Ratio  D/Rj 


The  first  of  the  geometric  parameters  are  considered  next. 

The  distance  D  from  balance  staff  center  to  pallet  staff  center  and 
the  impulse  radlu3  R  are  not  considered  separately,  but  only  their 
ratio  since  it  is  only  this  ratio  that  enters  Into  the  analytical 
formulation  of  the  model. 

Of  the  quantities  examined,  this  ratio  seems  to  be  the  least 
critical  to  escapement  performance.  This  seems  a  little  surprising, 
not  only  because  all  other  geometry  seems  quite  significant,  but  this 
ratio  determines  in  large  part  the  lever  arm  for  energy  transmission 
from  mainspring  to  balance.  Figure  9  shows  just  how  insensitive  the 
mechanism  is  to  variations  in  D/Rr 

3.5  The  Angle  3* 

As  mentioned,  it  is  only  natural  to  study  the  response  of 
a  mechanism  to  changes  in  0* .  In  such  a  study,  some  quite  interesting 
phenomena  are  to  be  observed,  as  seen  in  figure  10  for  the  nominal* 

T5E1  configuration.  Here,  as  before,  0*  denotes  the  hairspring 
equilibrium  position. 

First,  as  0*  increases,  so  does  the  beat  rate  for  any  given 
torque — that  is,  the  whole  curve  shifts  up  or  down  with  0*.  Second,  as 
0*  increases,  the  beat  rate  curve  attains  a  greater  positive  slope  for 
balance  amplitudes  of  about  90  deg  or  less  (T*  as  600  dyne /cm)  .  Third, 
and  perhaps  most  important,  as  0*  increases,  a  large  middle  segment  of 
the  beat  rate  curve  rises  faster  than  the  rest,  thus  destroying  the 
nominal  curve  shape  and  monotonicity  and  generating  a  beat  rate  that 
may  even  decrease  with  increasing  torque. 

Note  particularly  that  for  0*  =  2  deg,  the  beat  rate  changes 
by  less  than  0.02  bps  for  escape  wheel  torques  between  900  and  9000 
dyne-cm.  This  represents  a  maximum  deviation  of  about  0.04  percent 
over  the  normal  operating  range. 
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Also  Important  horo  Is  that  tho  asymptotic  tondoncy  of  tho 
boat  rate  curvo  Is  still  present  for  high  torquos,  evon  though  wo 
havo  shown  how  to  changn  tho  basic  shape  of  tho  plot. 

3 . 6  Escape  Wheel  to  Pallet-Lev*  r  Center  Plat »nce 

Another  goometrlc  parameter  S,  tho  distance  from  escape- 
wheel  staff  center  to  pallet-lever  staff  center,  Is  seen  from  figure 
11  to  have  some  considerable  effect  on  tho  mochanlsm's  torque 
sensitivity. 

Three  points  about  figure  11  seem  worthy  of  mention.  First, 
changes  in  S  are  seen  to  effect  only  rather  slight  changes  in  beat 
rate  for  high  torques  (amplitudes).  Second,  the  family  of  curves  tails 
off  sharply  at  low  torques  as  S  decreases.  Third  and  most  salient, 
as  S  is  increased  past  about  0.2400  in.,  the  beat  rate  continues  to 
increase  at  low  torques;  the  beat  rate  actually  decreases  at  higher 
torques,  causing  distinct  curves  within  the  family  to  intersect. 

Nothing  even  remotely  suggesting  that  this  phenomenon  might  occur  has 
been  observed  elsewhere. 

Noting  the  curves  in  figures  10  and  11,  one  might  conjecture 
that  if,  say,  Ss0,2420  and  0*  =  1  deg,  a  quite  flat  beat  rate  curve 
might  be  generated.  That  such  is  the  rase  may  be  noted  from  figure  12. 

3 . 7  Escape-Wheel  Tooth  Geometry 

It  might  be  expected  that  the  shape  of  the  escape  wheel 
teeth  would  have  a  greater  effect  on  the  performance  of  an  escapement 
than  any  other  design  parameter.  This  turns  out  to  be  hardly  the  case. 

Recall  from  figure  4  the  definitions  of  the  radii  R  and  Rg 
and  the  face  angle  Y.  We  shall  leave  the  central  angle  defining  the 
tooth  unchanged  so  that,  for  a  given  value  of  the  roo  radius  Re,  any 
two  of  the  quantities  R^ ,  Rg,  and  Y  define  the  tooth  completely.  For 
the  nominal  T5E1  escapement,  these  quantities  take  on  the  values: 

Rj  =  0.184  in., 

R  =  0.2019  in.,  and 

y  =  50  deg 

In  figure  13,  we  see  the  effect  of  holding  R  constant  while 
Y  varies  and  R^  is  changed  dependently;  no  really  significant  change 
is  effected.  But  in  figure  is  held  constant,  varying  R^  and  Y 

and  causing  some  noticeable  torque  sensitivity  at  the  lower  end. 
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It  dooms  worthwhile  to  omphaslzo  again  tho  asymptotic 
tondoncy  oxhlbltod  In  flguroH  13  and  14. 

3.8  Hairspring  and  Balance  Inortla  Studios 

Slnco  a  mechanical  oscapemont  Is  essentially  a  linear 
oscillator  of  known  natural  frequency  with  somo  onergy  Input  to  com¬ 
pensate  for  various  losses,  twice  this  natural  frequency  Is  a  rather 
good  approximation  to  tho  beat  rate  of  the  mechanisms.  However,  as 
shown,  boat  rato  tends  to  vary  with  escape-wheel  torque.  In  order  to 
study  how  this  torquo  sensitivity  varies  with  beat  rate,  appropriate 
mechanisms  were  examined  with  the  escapement  model;  the  results  are 
presonted  in  figures  IS  through  23. 

Two  points  seem  noteworthy  here.  First,  for  a  given  spring 
it  is  seen  that  the  higher  Inertia  balances  tend  to  yield  less  torque 
sensitive  designs.  That  is  to  say,  the  beat-rate  curves  are  flatter. 
And  second,  the  curve  in  figure  23  seems  to  have  been  obtained  from 
the  nominal  curve  (see  fig.  24)  by  a  shift  to  the  right  along  itself, 
away  from  the  steeper  low  torque  area,  thus  tending  to  flatten  the 
curve.  The  difference  between  the  two  mechanisms  is  that  the  hair¬ 
spring  constant,  balance  inertia,  and  side-thrust  coefficient  have 
each  been  doubled. 

In  figures  15-23,  the  natural  beat  rate  of  the  balance  is 
plotted  for  comparison  and  is  labeled  U)n.  It  seems  from  these  plots 
that  the  horizontal  line  corresponding  to  this  natural  beat  rate  is 
the  asymptote  mentioned  previously. 

4.  DISCUSSION  AND  CONCLUSIONS 


Assuming  that  our  escapement  model  yields  accurate  results,  the 
design  of  timing  movements  may  be  transferred  from  the  domain  of 
skilled  craftsmen  to  an  engineering  atmosphere,  at  least  for  ordnance 
applications.  We  have  discovered  some  of  the  design  parameters  to 
changes  in  which  torque  sensitivity  seems  very  dependent;  and  there 
are  some  that  seem  to  have  little  effect  on  this  sensitivity.  Use 
of  this  information  and  a  little  Jiggling  of  computer  cards,  can 
yield  the  beat-rate  curve  presented  in  figure  24  very  nearly  flat, 
with  no  basic  change  to  the  T5E1  escapement.  Apparently,  under 
certain  conditions,  simple  basic  modifications  to  the  T5E1  might 
predict  even  better  results.  For  example,  a  stronger  spring  might 
be  used  to  run  the  escapement  at  higher  torques,  thus  moving  the 
operating  region  to  the  flatter  portion  of  the  beat-rate  curve. 

But  the  model  is  incomplete  and  the  validity  of  its  predictions 
is  really  unknown.  There  are  several  obvious  changes  and  additions 
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that  need  to  be  effected,  including: 

(1)  Provision  for  consideration  of  the  escape  tooth  draw 
angle ; 

(2)  Capability  to  consider  friction  at  the  balance  and  pallet- 
lever  pivots; 

(3)  Provision  for  friction  between  pallet  pin  and  escape-wheel 
tooth  during  Impulse;  and 

(4)  Inclusion  of  lever  fork  geometry. 

Although  this  report  discusses  the  sensitivity  of  performance 
to  changes  in  certain  design  parameters,  no  design  changes  are  given 
for  removing  such  sensitivities.  And  it  would  be  in  this  area  that 
this  analysis  would  have  its  greatest  value,  allowing  manufacturing 
tolerances  to  be  relaxed  and,  hopefully,  permitting  the  design  of 
rugged,  inexpensive,  yet  accurate  timers.  It  is  indicated,  however, 
that  the  analysis  in  its  present  form  is  sufficient  to  determine, 
qualitatively  at  least,  the  effect  of  parameter  variations  throughout 
manufacturing  tolerance  ranges.  As  such,  it  should  provide  a  valuable 
tool  in  setting  such  tolerances. 

Assuming  that  a  first  step  has  been  taken  toward  a  means  of 
tiansferring  escapement  design  ability  and  responsibility  from  the 
artisan  to  the  engineer,  it  is  suggested  that  the  following  three 
additional  steps  are  necessary  to  effect  this  transfer: 

(1)  Incorporate  into  the  model  the  further  refinements  mentioned 
above ; 

(2)  Initiate  an  extensive  experimental  program  to  determine  the 
accuracy  of  the  model ;  and, 

(3)  Conduct  a  detailed  study  of  the  energy  analysis  derived 
by  Minnix  to  devise  methods  of  eliminating  the  undesirable  charac¬ 
teristics  discovered.  For  Instance,  is  it  possible  to  design  a 
mechanism  Insensitive  to  side-thrust  losses?  Or  to  changes  in  S 
(fig  4)?  Or  to  escape  tooth  geometry? 
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Figure  1.  Pin-lever  escapement 
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Theoretical  beat  rate  curve  for  T5E1  escapement 
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ESCAPE  WHEEL  TORQUE ,  T„  , ( DYNE -CM) 

Figure  8.  Theoretical  beat  rate  curve  for  T5E1  escapement. 


50.3 


Theoretical  beat  rate  curve  for  T5E1  escapement. 
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ESCAPE  WHEEL  TORQUE  ,  Ta  ,( DYNE- CM) 


750.0  DYNE-CM/RAD 
0.0374  GM-CM2 
11.4  DYNE-CM/RAD 


ESCAPE  WHEEL  TORQUE  ,  T0 ,(  OYNE-CM  ) 

Theoretical  beat  rate  curve  for  T5E1  escapement. 
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APPENDIX  A 


OPERATING  INSTRUCTIONS  FOR  THE  DIGITAL 
COMPUTER  PROGRAM  BALCYC 
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T>rr»o 


A-l  Sample  BALCYC  deck  format 


1 ,  Deck  Setup 


The  deck  is  set  up  in  the  standard  IBSYS  format  as  illustrated  in 
figure  A-l, 

2.  Data  Deck 


Data  are  input  via  the  NAME  LIST  facility  of  the  IBSYS  monitor. 

As  usual,  the  first  card  of  the  data  deck  is  a  $  DATA  control  card, 

$  in  column  1,  DATA  in  columns  2-5.  This  is  followed  immediately  by 
one  or  more  case  decks. 

A  case  deck  begins  with  a  card  with  $  DAT  preceded  and  followed 
by  one  blank  space.  Data  may  begin  on  this  same  card,  and  each  input 
item  is  referenced  by  a  field  of  the  form. 

XXX  =  527.903, 

for  instance,  where  XXX  is  an  input  variable  name  and  527,903  is  the 
input  value  for  XXX.  The  comma  immediately  following  is  mandatory. 
Blanks  are  not  permitted  within  the  field,  but  may  be  used  at  will 
between  fields.  See  sample  input  deck. 

Column  1  is  ignored  in  all  cards.  Columns  2-80  are  scanned  for 
data. 


Following  are  the  inputs  for  the  program: 


ICND  =  0 

4  o 


,  program  sets  nominal  convergence  criteria; 

,  user  supplies  the  following  six  convergence 
criteria. 


ERR 


Relative  error  in  Simpson's  Rule  calcula¬ 
tions  (nominally  1.0E-7), 


REL 

RELM 

N 

NMAX2 


Relative  error  in  iteration  for 
(nominally  1.0E-7). 

Relative  error  in  calculation  of  Ta 
(nominally  1.0E-7). 

Initial  number  of  points  for  Simpson's  Rule 
(nominally  11). 

Maximum  number  of  points  for  Simpson's  Rule 
(nominally  1000). 


MMAX 


Maximum  number  of  iterations  for  finding  Ta 
(nominally  20)  . 
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(If  ICND  ■  0,  these  criteria  need  not  be  input.) 
IGEM  b  0  Recalculate  geometry. 

4  0  Same  geometry  as  previous  case. 


(Should  be  set  to  zero  for  first  case  in  every  run.) 


RE 

A,B 

RPP 

BN 

SN 

GAMMA 

S 

DRI 

UBI 


K 

IB 

IL 

IE 

L 

MU 

Al,  A2,  A3 


Re,  escape  wheel  root  radius. 

Legs  of  triangle  defining  pallet  geometry. 
Sp'  pallet  pin  radius. 

Number  of  teeth  on  escape  wheel. 

Number  of  escape-wheel  teeth  spanned  by 
pallets . 

V,  escape-wheel  tooth  face  angle. 

S,  escape  wheel-pallet  center  distance. 

D/Rj,  lever  arm  ratio. 

I.,  “fa1  U(P)  d0.  If  known  input;  other- 

wise  set  to  zero.  Must  be  changed  in  each 
case  where  geometry  changes. 

K,  hairspring  constant. 

Ig,  balance  inertia. 

1^,  lever  inertia. 

I,  escape  wheel  Inertia. 

L,  side  thrust  coefficient 

p.,  coefficient  of  friction  during  unlocking. 

An  initial  estimate  for  T&  is  taken  from 
these  parameters. 


T  =  A1(A2+L)08  +  A3, 
a  m 

It  has  been  found  that,  for  the  T5E1 
mechanism,  A1  ■  12,  A2  =  16,  A3  =  40  are 
suitable  values,  (c.g.s.  units). 

JA  number  of  values  of  (3  for  this  configu¬ 

ration  (case). 

values  of  ^  for  this  case,  JA  In  all. 
m 


AM  PL 


R1 

V 

escape  tooth  unlock  radius. 

R2 

V 

escape  wheel  enter  radius. 

BSTAR 

p*t 

out  of  beat  angle. 

IWRITE 

o 

c 

O 

II 

intermediate  output; 

4  0,  intermediate  output  printed,  usually  of  no 
value. 

The  symbol  $  must  terminate  each  case.  It  may  not  be  in  column  1 
of  any  card. 

As  many  cases  as  desired  may  be  run  at  one  time.  If  certain 
parameters  remain  unchanged  from  case  to  case,  they  need  not  be  re- 
input  . 

All  error  messages  are  deemed  self-explanatory. 

Any  system  of  units  is  acceptable,  as  long  as  lengths  are  con¬ 
sistent  within  themselves  and  inertias  follow  the  same  units.  For 
example,  in  the  sample  inputs,  all  lengths  are  in  inches  and  all 
inertias  in  c.g.s.  units,  This  is  possible  since  all  lengths  go  out 
as  ratios.  (Note  that  Ta  will  come  out  in  torque  units  consistent 
with  the  system  used,  but  will  always  be  labeled  dyne-cm.)  All 
angles  are  input  in  degrees. 

Sample  output  is  seen  in  appendix  B,  and  is  deemed  self- 
explanatory. 
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APPENDIX  B 


SOURCE  PROGRAM  LISTING 
SAMPLE  INPUT 
SAMPLE  OUTPUT 
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EaulV  ESCk  ENEMT  ENERGY  BALANCE _ TOTAL  SYSTF M  ENERGY  BA l*NCE 

TOTAL  ENERGY  3159.301514  TOTAL  ENERGY  3159.301514 

EmE«G?_5AL9S  _  _  _ ENERGY  GAINS _ 
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This  report  presents  a  continuation  of  the  first  detailed  mathematical  analysis 
made  on  a  detached-lever  escapement  timing  device.  The  model  studied  was  based  on 
the  T5E1  pin-lever  escapement,  designed  primarily  for  ordnance  applications.  Although 
good  quantitative  results  evolved  from  the  original  study,  subsequent  work  suggested 
that  the  model  was  not  capable  of  simulating  certain  characteristics  of  the  detached- 
lever  escapement.  For  example,  this  type  escapement  often  had  a  torque  sensitivity 
characteristic  (frequency  vs  driving  torque)  ‘‘hat  was  concave  upward. 

Further  mathematical  analysis  has  resulted  In  minor  but  apparently  significant 
changes  to  the  original  model.  Indicating  the  feasibility  of  predicting  the  performance 
of  an  escapement  more  accurat*»l y ,(  . A1 so,  this  analysis — though  probably  incomplete  — 
now  indicates  that  certain  basic  cRArac te r 1 st les  of  timers  can  be  changed  without 
changing  the  basic  mechanism.  \ 
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